Abstract-The performance of multi-user Orthogonal Frequency Division Multiplexing (OFDM) with raised cosine time domain pulse shaping is studied on the Satellite Mobile channel (SMC) and the two-path Rayleigh Fading channel. A multi-user time and carrier frequency synchronization scheme is discussed. The relationship between the synchronization requirement and the roll-off rate (B) of the pulse shaping is explored. In Gaussian and typical Rician (K=10) channels, multi-user OFDM with #?=0.2 requires timing and carrier frequency synchronization accuracies of 4% and 2% , respectively, in order to avoid severe degradation due to multi-user adjacent channel interference, while on the twu-path Rayleigh channel these values must be better than 2% for error floors less than 10". Timing and carrier frequency accuracies are normalized to T and 1/T respectively, where Tis the symbol duration. Multi-user OFDM is less affected by the multipath time delay and slightly more severely affected by the Doppler frequency shift than traditional FDM with root Nyquist filtering (FDM/RNF) for the same value of #?.
I. INTRODUCTION
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response of each user's signal is given by GN('~T,/?) with
We refer to this scheme as FDM using root Nyquist filtering (FDMRNF) . A large value of p is less bandwidth efficient, but as the value ofB is reduced, the filter design becomes more difficult. Efficient use of bandwidth can also be obtained without root Nyquist filtering if the frequency spectra of the different users are permitted to overlap. This leads to orthogonal frequency division multiplexing (OFDM).
Since the 1960's, OFDM has become well-known as a bandwidth efficient modulation scheme for data communication [llc] . In classical OFDM a single channel is subdivided into many subchannels, and several parallel streams of data are transmitted simultaneously. The spectra of the subchannels are permitted to overlap in order to achieve a high bandwidth efficiency, but the spectra of the different channels do not overlap. For a large number of subchannels the Nyquist rate can be approached in the limit. In [l] [2] OFDM with bandlimitted pulse shaping was analyzed in a bandlimitted Gaussian channel. In [3] [4] OFDM with rectangular pulses was studied for the Cellular mobile fading channel. OFDM can achieve a similar bandwidth efficiency as FDM with root Nyquist filtering, but does not need root Nyquist filtering for each user and an fast fourier transform or chirp transform can be applied to simplify the transmitter and receiver. In [3] the duration of each data element is spread out to a value much larger than the average fade duration, making it robust to fading. But this spreading not only causes large time delays, but also requires accurate carrier recover techniques due to the small frequency separation between the subcarriers. In [3] , for example, a 7.5 kHz channel is divided into 512 subchannels, giving a pulse duration of 68ms at a transmission rate of 7.5 k baud. The separation between each of the sub-carriers is approximately 14.6 Hz.
In this paper we extend the OFDM technique from the single user to the multi-user case, that is, the spectra of differ-ent users are permitted to overlap and each user occupies one or several of the parallel frequencies. It is obvious that the multi-user OFDM scheme not only requires the receiver to recover accurately the timing and carrier frequency of each user (referred to as receiver synchronization), but also requires accurate timing and carrier frequency synchronization for all users (referred to as multi-user synchronization) in order to avoid adjacent channel interference (ACI). On the down-link (satellite or base station to mobile station), the multi-user synchronization is easy to achieve, because the different signals originate from the same source (the satellite or base station). However, for the up-link (mobile station to satellite or base station) the multi-user synchronization is more difficult to realize because the signals come from different sources (mobile stations) and suffer different degrees of multi-path time delay, Doppler frequency shift and Doppler broadening. In this paper we study how much accuracy in the multi-user synchronization is required in order to maintain an acceptable level of performance in the satellite mobile channel and the two-path Rayleigh channel, concentrating mainly on the up-link. We assume that the receiver synchronization is perfect. The reader can find a detailed discussion about the receiver synchronization for conventional OFDM in [5] . The results of multi-user OFDM are compared with FDM using root Nyquist filtering. We select M-ary differential phase shift keying (MDPSK) as the modulation scheme for both OFDM and FDM with root Nyquist filtering because of its simplicity and robustness to fading.
The pulse shaping of the new OFDM system is the time raised cosine pulse
where the carrier frequency set is the same as (1). In FDM with root Nyquist filtering B is the frequency roll-off factor, while in OFDM it is the time roll-off factor. The pulse shaping of multi-user OFDM and FDM with root Nyquist filtering with 8=0.4 in time and frequency domains are illustrated in Fig. 1 .
The Satellite Mobile Channel (SMC) [7] is approximated well by a Rician fading channel and can be characterized by a parameter (K=P,/Pd) which is the ratio of powers in the specular and diffuse components. When K= 00, the SMC reduces to the Gaussian channel. When K=O, it is a single-path Rayleigh channel. The two-path channel with independent Rayleigh fading is a first-order model of the land mobile radio channel. In this paper, formulas are derived for the bit error probability (BEP) as a function of various system parameters for the twopath Rayleigh channel and SMC which includes the Gaussian channel and the single-path Rayleigh channel as special cases.
In Section II, a method to realize multi-user time and carrier frequency synchronization is illustrated. In Section 111, the signal and system are described. In Section IV the formulas to estimate the BEP are derived. In Section V some numerical results are presented. Finally, in Section VI we present the discussion and conclusion. 
MULTI-USER TIMING AND FREQUENCY SYN-CHRONISATION
Timing and carrier frequency synchronization for different mobile units are required for traditional TDMA and FDMA systems, and these synchronization techniques can be adopted to realize the multi-user synchronization for the multiuser OFDM system.
The following is a description of one possible multi-user timing and frequency synchronization scheme (illustrated in Fig. 2 ), in which all mobile stations have the same synchronization reference. A 20 MHz up-link bandwidth (from fs to &+20 MHz) is evenly divided into 20 sections. At both ends of a section there is a 50 KHz guard band. Thus, in each section there are 180 5KHz OFDM channels. A total of 21 synchro-nization pilots (f&, ..., j&) are transmitted by the satellite or base station to all users, wherefg, =fs + n (MHz) ; 0 I n 520.
Firstly, let us consider carrier frequency synchronization. Assuming no Doppler shift, fading or distortion, if mobile j is assigned the i-th channel slot of the n-th section, its carrier frequency is f c j = V g n + I-fgn) il200 + f g n + ~K H z .
(4)
Thus, the carrier frequencies of all users in the n-th section become perfectly synchronized, if all users can accurately estimate the pilot frequencies.
In practice, Doppler shift, Doppler broading, fading and distortion will affect the estimation. Letfdenote the frequency at the Satellite or base station and f denote the same frequency at the mobile j . If the relative velocity of mobilej is 4, we have where c is the speed of light andfo is the Doppler frequency shift.
Each mobile can obtain its carrier frequency by estimating the pilots. For example mobile j receives the pilot frequencies. Then we have Thus, mobile j can obtain Doppler adjusted mobile pilots, fpk,
Assume that the uplink carrier of mobile j , f c j , is in the 20-th channel slot of the n-th section. This carrier is generated by the mobile using its pilots
The carrier received at the base station is
which is identical to (4) for i=20. That is, since the mobile derives its transmission frequency from the base station pilots, the Doppler shift is eliminated if f R o , ..., fg20 can be recovered correctly.
In our case a large number of pilots are made available to each mobile units, where a large number of dependent pilots will produce a more accurate frequency estimation than a single pilot. Consequently, the effects of Doppler broading, fading and distortion on the frequency and timing estimation would be significantly reduced.
Timing synchronization can be achieved provided each mobile station is able to obtain the pulse duration (T) and transmission time by estimating the pilots and knows accurate propagation time-delay. Several methods presented in [6] can also be adopted for multi-user timing synchronization for different mobile units.
Frequency-synchronization and timing-synchronization requirements are complementary in the sense that if very accurate frequency-synchronization can be established, the requirement for timing-synchronization could be relaxed, since then each channel can be subdivided further to produce a longer symbol duration. The numerical results in Section V will show the relationship between frequency and timing-synchronization and the value of B.
111. SIGNAL AND SYSTEM where the transmitted phase is
i.e., differential phase modulation is being used. [Gsi(tKii(t) + &G,(t) En(t)] + no(t) for the two path Rayleigh channel
( 13) where lo(.) is the zero order Bessel function of the first kind, f~~i is the maximum Doppler frequency, the overbar denotes averaging and the superscript * denotes complex conjugation.
Let us now consider user #O (main user) whose signal, after matched filtering, is given by (14). In (14) GS&) is the overall transmitter and receiver filter impulse response, i.e., is zero mean Gaussian noise with autocorrela-
where P(n is the Fourier Transform of p(t).
ratio per bit by
The signal-tenoise ratio is related to the energy-to-noise
IV. BIT ERROR PROBABILITY ESTIMATION
We assume that Ndi) future and Np(i) past symbols from the i-th user affect the decision of 4 , k . Let be the set of symbols which affect the decisions at time k. The cardinality of this set is
Further, let yE{?#i=@i,k-Np(i)-l : iEZ} be the set of I independent random initial carrier phases which are assumed to be uniformly distributed with probability density function (pdf)
The symbol error probability of the main user is then given
Mv).
by I where P(e I a, v ) is the conditional error probability which can be computed by the formulas in [7] and [9] .
For a small number of interfering symbols, we can compute the exact value of P(e). But for a large number of interference symbols, this becomes practically impossible. For example, if I=lO, M=4 and only two symbols from each interfering user affect the decision &,k, then N=20 and L=l.l x This is too large to run on any computer. A technique well suited for this problem has been described in Appendix I of [15] , which is essentially an optimized variant of importance sampling.
In Appendix I of [ 151 it is shown that P(e) can be estimated by
where S is the number of sample trials and a, and vs are independent realizations of A and Y, which are generated according to the pdf's of A and q f~ ( a ) and$p(v), respectively. Because P'(e) = P(e), the estimator of the error probability in (24) 
WE1 AND SCHLEGEL: SYNCHRONIZATION KEQUIREMENTS FOR MULTI-USER OFDM
The evaluation of (25) has the same complexity as (23) and can not be calculated exactly. Therefore we estimate it also by an unbiased estimator, given by
In the computation we have to find the minimum number of interfering users to be taken into account in order to obtain a good estimate of the effect of ACI. In Fig. 4 Pb'(e) is computed for AWGN channels as a function of I for d7;=5% and dFi=5% with iEZ \{O}. In this figure ~'<7.6%. It shows that the number of significant interfering users ( I ) is about 30 for B=O and only 3 for B=1. This can be explained by the shape of the power spectral density (psd) of the pulse shaping, i.e., the psd rolls off faster with increasing B.
The approach of (26) Now for a small number of interference symbols we can use equation (23) to compute P(e). For a large number of interference symbols we use equation (24) to estimate P(e) and use E' in (26) to monitor the accuracy of this estimator.
Finally, using a Gray code, the bit error probability can be approximated by 1: beta=O -2: beta=0.25 ----3: beta=0.5 -----i is from the set of integers [-20,201 without 0
V. NUMERICAL RESULTS
In this section let [Psi, Pdj, tdj, f j i , fDmj } be identical for all
iEZ. For different iEZ, (&(t), & j ( t ) , 5;2(t)} are identical for
the down-link, while they are all independent for the uplink.
For any given i, & l ( t ) and .52(t) are independent. Parameters without subscripts are valid for all users and parameters with subscripts refer only to the specific user indicated by the subscript. We assume that dfo=dto=O and M=4, i.e., QDPSK for all cases.
Let In Fig. 4 I=30 is minimally required for B=O and sufficient for other values ofB. But because selecting a larger value o f 1 will only slightly increase computing time, we select I=40+1 (40 interfering users and the main user) for all values of p. During the computation we concentrate on B 5 0.2 for OFDM because this achieves excellent bandwidth efficiency. Also for Gaussian and Rician channels we select Eb/?4)=12 and 20dB, respectively, since these correspondent to an ACI-free bit error rate of about lCs. For the Gaussian and Rician channels z,=O, (there is no timing ambiguity).
dFi = df,T, dTi = dt,/T, F , = fD,T,
be the normalized values of the frequency and timing offset, the Doppler frequency, the maximum Doppler frequency and the multipath time delay for the i-th user.
We consider the following practical example to illustrate the numerical results of accuracy requirements shown in this section. Let each mobile station transmit the information at a data rate of 4800 baud using OFDM with QDPSK and 8=0.2, that is, the time duration T=208.3 ps anddf,=5.76 KHz.
During the computation, the values of Np(i) and NAi) are selected such that
A. Gaussian Channels
For Gaussian channels (&=m) we only study the effects of dT, and dFi , In Fig. 5-6 the BEP is plotted as a function of d7;. In both figures &'<9.5%. They show that if dFi 5 2 % and d7; 50.1% forB=c), dT, 5 2 % forj3=0.1, d7; 5 4 % forB=0.2, the performance is only minimally affected by ACI. Thus, our example system requires timing and carrier frequency synchronization accuracies of approximately 8.3 ps and 96 Hz, respectively. It is also found that the ill-synchronized user is more severely affected by the other users than visa versa. For FDM with root Nyquist filtering and MDPSK the effect of ACI can be avoided ifdL.T>(l+B) and fordf,T< (1+B) the effects have been discussed in [ 121.
where zo is the sampling time of user #O.
In this paper we are mainly interested in the performance of the ill-synchronized user and we assume all other users to be perfectly synchronized. We select S4096, because during the computation we find this value suitable in terms of computing time and &'<IO% at most points of interest. 
B. Rician Channels (K=IO)
For Rician channels the performance of the uplink and the down-link are different, due to the different types of crosscorrelation between the fading processes. In Fig. 7 we present P b ( e ) as a function of d x for the down-link. In Fig. 7 10%<&'<61% for 104.8<Pb '(e)< IO-* and &'<lo% for other values. In Fig. 8 we show P b ( e ) as a function of dT for the uplink. In Fig. 8 &' <IO%. The down-link is less affected by dT and d& than the uplink. The curves for the up-link are very similar to those for Gaussian channels for dFi=O, dFi=2% and dFi=4%, so only the case for dFi=2% is considered here. Thus, for the uplink the given practical system requires multi-user timing and carrier frequency synchronization accuracies of approximately 8.3 ps and 96 Hz, respectively. Now we study the effects of the multipath time delay, Td, the Doppler shift , FD, and the maximum Doppler shift, FD, on performance. Although FDM with root Nyquist filtering and QDPSK with df, 1 (1 +B)/T suffers no ACI, the Doppler shift and the multipath delay will cause ISI. It is interesting to compare the performance of OFDM using QDPSK with FDM using root Nyquist filtering and QDPSK, both with 8=0.2.
In Fig. 9 we present Pb '(e) as a function of the maximum Doppler frequency shift, FD,, with FD=O.~FD,, Td=o, 1=41 for OFDM and Z=1 for FDM with root Nyquist filtering. In this figure &'<I. 1 %. It shows that (a) the maximum Doppler shift, FD,, affects OFDM slightly more severely than FDM with root Nyquist filtering, (b) for OFDM the down-link outperforms the uplink, (c) OFDM with nonzero d& and dT may outperform OFDM with zero dFi and d7;. Thus, the given practical system can tolerate a maximum Doppler frequency of approximately 144 Hz (F,9,=3%) provided the multi-user timing and carrier frequency synchronization accuracies are approximately 8.3 ps and 96 Hz, respectively.
In Fig. 10 we show Pb '(e) as a function of the multipath time delay, Td, with FD=FD~=O, 1=41 for OFDM and f=1 for FDM with root Nyquist filtering. Here &'=22% for FDM with root Nyquist filtering at the point Td=l and &'<3% elsewhere. This figure shows that the up-link using OFDM is less affected by Td than FDM with root Nyquist filtering which in turn is better than the down-link using OFDM except for small values of Td. Thus, for the uplink the performance of the given practical system will not severely degrade if the multi-path delay, td, is less than 14.6 ps (7"=7%), provided the multi-user timing and carrier frequency synchronization accuracies are 8.3 ps and 96 Hz, respectively. For a special case, for example for a carrier frequency of 1600 MHz, a velocity of 100 km/h, and a data rate of R=4800 baud we have F D =~% [7] . For a typical situation the time delay is around 5 ps and does not exceed 50 ps [ 131. We obtain Td=2.4% and Td=24% respectively. In Fig. 11 we give Pb '(e) as a function of with M=4, K=10, F0=3%, FD,=~%, 8=0.2,1=41 for OFDM and Z=1 for FDM with root Nyquist filtering. In this figure ~'<3.2%. It shows that, in general, the uplink outperforms the down-link and FDM with root Nyquist filtering, especially for a large value of Td.
C. Two-path Rayleigh Channel
For two-path Rayleigh channels we will study the error floor of the system which is the BEP as 00. The formulas to compute the conditional error floor given interference events can be found in [14] . During the computation we fix the sampling time z , = a / 2 because this minimizes PL(e) of OFDM for d?;:=O. Assuming that the multipath time delay is 3 ps, for a data rate of 4800 baud, Td = 1.5%.
In Fig. 12 
VI. DISCUSSION AND CONCLUSION
The performance of a new multiple access modulation concept, multi-user OFDM with time raised cosine pulse shaping, has been analyzed on the satellite mobile channel and the twopath Rayleigh channel. The results show that with estimation accuracies of timing and frequency, dTj<4%, and dFi<2%, on Gaussian and typical Rician channels, the effects of multi-user ACI on the performance of the system with /?=0.2 are minor. If dTj<2%, and dFi<2%, the error floors of the OFDM uplink with /?=0.2 is less than OFDM does not need root Nyquist filtering and is less affected by the multipath time delay, but slightly more severely affected by the Doppler frequency shift than FDM with root Nyquist filtering for the same value of /?. Non-zero frequency offset or shift will cause interference from only two adjacent channels for FDM using root Nyquist filtering, which is much less than the interference from more than 10 adjacent users. For the non-zero timing offset or shift this is the other way around.
Although the scheme requires multi-user time and carrier frequency synchronization, the requirements are not overly restrictive. If we can achieve accurate multi-user timing and carrier frequency synchronization, OFDM may achieve higher capacity than FDM with root Nyquist filtering, because 0 1 B 1 0 . 2 can be selected for OFDM but not for FDM with root Nyquist filtering. Furthermore, a frequency hopping CDMA technique with minimum frequency distance UT may be applied more easily to OFDM than to FDM with root Nyquist filtering.
